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Abstract 

In this work a calculation of the cluster decomposable formalism 0] for relativistic scattering 
as developed by Lindesay, Markevich, Noyes, and Pastrana (LMNP) is made for an ultra-light 
quantum model. After highlighting areas of the theory vital for calculation, a description is made 
of the process to go from the general theory to an eigen-integral equation for bound state problems, 
and calculability is demonstrated. An ultra-light quantum exchange model is then developed to 
examine calculability. 
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I. INTRODUCTION 



Several models in nuclear and particle physics have recently demonstrated the need to 
expand our understanding of the nature of these systems ^2]. For example, some have 
used the Bethe-Salpeter formalism P], while others use that of Blankenbecler-Sugar j^. 
Unfortunately in both cases, full cluster decomposability is not satisfied due to Lorentz 
kinematics and off shell momentum conservation. In the approach taken in this paper, a 
model is developed that satisfies clustering, includes both Lorentz kinematics and momentum 
conservation, and finally, is unitary. 

We begin by outlining and briefly describing the contents of the sections of this paper. In 
the introductory section, we will summarize the formalism of Lindesay et al Q| (LMNP) and 
their explicit generalization j^. Next after introducing relevant parameters and definitions, 
we will derive and state the results of a light particle model and its ultralight extension. 



II. BACKGROUND 

In this section we will briefly summarize some relevant points of . The formalism yields 
Lipmann-Schwinger like equations with Faddeev method decomposition. 

Wab{z) = -Ta{z)R^{z)T,{z) - ^ 5,fcT,/2o (^) W^c6 W (1) 

c 

In the preceeding expression, z is the three body off shell parameter, Tq and Ti, are two 
body T matrices and Rq the resolvent, Wah is the Faddeev component of the fully connected 
transition amplitude. 

As in traditional non-relativistic, three particle scattering formalisms, LMNP incorporates 
two particle kinematics into the three particle kinematics. This is accomplished by the 
introduction of two body off shell and invariant energy terms Qa) and W^(a)- 



_ M-e, 

In the above equation, is the spectator asymptotic energy, m^^-, is the zeroth component 
for the pair four-velocity, and M is the three body invariant energy. 
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A significant difference between the non-relativistic and LMNP formalisms is tlie require- 
ment by tlie latter of conservation of velocity rather than conservation of momentum by the 
former. This is required if it is desired to have all pairs of virtual transitions to occur in the 
same inertial reference frame. It is found that momentum and energy conservation are re- 
covered on the energy shell. In addition, LMNP, like traditional non-relativistic formalisms, 
does cluster decompose. With the inclusion of Faddeev-like decompositions, it is found that 
by embedding two particle dynamics into three particle space, clustering is recovered. 

We now introduce the two body t matrix form as shown in p and used within the models 
of this paper. 



{ka+ka^ \taiz)\ ka+oka-o) = (^^(a)) (^(a)^(a) 



X 



rria+ma- 



P(a) 



)0' 



(4) 



M(a) is the pair energy for particles and a_, U(a) is the pair velocity and /ca, ha- are 
momenta. The theta functions are included for proper integration, while T(a)(-2) is the two 
body scattering amplitude, and P(a) is the a_ particle momentum in the pair frame. 

For the three body T matrix, p is the form of the Jacobian for the change of variables [5] 
from standard particle momenta to invariant energies and velocities. 



{W^) - e. - (m, + m,_)) (iy(,)F(,) C(a)) 



(5) 



The unitarity of the Wah components of all models is then guaranteed by Friedman, 
Lovelace, Namyslowski |6] if the following is true: 
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r {W^a) , Pa I W^(a) , C(a)l) - T (W^a) , Pa \ , p'a, C(a)2) 




XT C(a)l) r K:),Pa|W^^.),pl; C(a)2) (6) 

Several relevant outcomes, techniques and definitions have been summarized within this 
introduction. In the next section, parameters and definitions are provided as a foundation 
for making a bound state three particle calculation. 

III. PARAMETERIZATIONS AND DEFINITIONS 

For much of the work that follows, we will use a, a+,and a— as labels for three bodies, 
particles or constituent systems with momenta k,k^,k^ in the lab frame. Parameters u 
and U(^a) s-re the Lorentz boost for the CM of the 3 body system and a+, a— pair system 
respectively. Choosing to work in the three body CM frame, one may identify body a as the 
spectator and define its momentum as —MU(^a), and the remaining pair as having momentum 
MU(a)- In the same frame, the energies of the respective bodies are £„, and If 
is used to boost to the pair CM frame, the momenta of the a+ and a— particles can be 
determined, and are denoted by —P{a) and P(a) . The energies in the pair frame are then, 

8^:1 = v'm2+ + |P(„)P (7) 

= ^fK~mJ' (8) 

The pair invariant energies are then given by the following. 

Mia) = ^Jml^ + PI) + + Pfa) = e^l + e^l (9) 

The variables and parameters just described will now be used to explicitly show the 
calculability of LMNP. 
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IV. LIGHT PARTICLE MODEL 



In this description of a single light particle model, the particles and systems involved 
will be labeled with a, a, and /. We begin by assuming that the masses of a, and a are 
significantly greater than / and kinematics of the a and a masses. The intermediate integral 
of reference j5| then may be approximated by the following: 



id) 



pi pi 



(10) 



E^Ea E^___U 



(a) 



The pair energies, momenta and three body energies may also be approximated. 



Ma ^ rria 



(11) 

(12) 
(13) 



The three body invariant energy may be written in terms of pair energies and velocities. 



(14) 



The pair momenta may be approximated by 



p(a) 
p(«) 
p(0 



2 2 



2 

'(0 



(15) 
(16) 
(17) 



If we define bound pair energy, iii^a) , binding energy Eb, and asymptotic spectator energy 
parameter, Ca, an expression for a separable interaction may be used. We chose the following 
form for the two body scattering amplitude, 

r. (W,.,\W,,,. C,.,) - (18) 

We chose a simple form for the separable interaction by defining a convenient structure 
function for convergence. 



5 



We define the following parameters to provide a direct link between two and three body 
space. The parameters are ^(d) , a two body parameter, e^, the spectator asymptotic energy 
of a particle with label d, and finally the bound state energy Mbs- 



C(d) = 

Mbs 



u 



id) 



Mis - f^U + ml 
2Mbs 

rud + md+ + nid- - Eb 



(20) 

(21) 
(22) 



The two body amplitude r has the following form after the unitarity constraint is applied: 



Did)(Cid)) (Wl^) + /i(a))47r[F(C(,)) - F(/i(,))](iy^) + //(,)) 

where the function F may be written in terms of two body space body parameters, 



(23) 



^(C(d)) 



log 



mi + m2 + fJ,{d) 

1711 + 1712- C(d) 



ifJ-jd) + Cjd)) 
{ji^d) + mi + 7712) 



(24) 



A. Kna Kernel 



For convenience we have the defined the following expressions. 



A 



u 



0/ 



.0' 



a 



(25) 



The symbol A contains terms constant with respect to the kernel integration. Having 
defined A, we may define 6, 61, 62, ai, and 02 as 



h = 



ai 
02 



61 = 62 = 

mi 



A 



mf 



2bma 
mi 

2bma 



2m| 
1 + Vl - 262" 



"1 - Vl - 252" 



(26) 

(27) 
(28) 
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Jrei2 may now be defined with the above expressions: 



T2 



u 



la)maQaQa{a2bl - ?>2ai) 



02 ^ I yH-ai^ e 

arctan ; — tan - | — 

2 \ 02 + 02 2 



arctan 



h\-a\ 



tan ■ 

oi + 61 2 



(29) 



Qai and are defined as Qa = fnaU(a) and Qa — maU(a)- After integration, the s wave, 
aa channel kernel becomes 



X 



27re'J:^ [f - F 



(9- 



Jrel2{E£j\l+ 

{EL - E',) {EL - z) ■ {EL-E',){E',-z 



+ 



{EL-z) {z-E'J 

Jrel2{E'a)\l+ 



(30) 



B. Kai Kernel 

The al channel and the al channel kernel integrals are found after defining Qa = maU(^a) 
and Qi = rriiUQ) and a convenient function B is given by 



B{s,-f,m) = — 

J X4 



dx 



{sx + 7) 

1 



5474-^2 



log 



^1 _ f 4 

V sx 



+ 



arctan 



vi + (S)' + 

{Asjx) 



1 

72 



{sx) 



(31) 



Using the above definitions, the S-wave al kernel may be written as the following. 
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P' 



F (C, 



F 



1 

mi 



'^QaQl 



2n(;) ' rua ' 

(i?; - ^) - i?;) 



+ tt;> — ^^tttt;^ ^ + 



E', - El) {E', - z) {E', - El) {El - z) 



Qmax 
ma 



ma 



(32) 



We have eombined many parameters and variables, constant with respect to the integra- 
tion of the Kai kernel, into the constant C. 



C ^{ma + ma)u^l) + ^mf + {ma + - a 



(33) 



C. Kia Kernel 



After integration, the Kia S-wave kernel may be written as the following: 



X 



Kia{uQ)\u[^y,z) 



e (Wli) - {ma + ma 



-M;)[^f^4°^]^Mf/)Mg)g {Wl^^ ^ {m^ + mi)) 



{M-' - z) (M«' - El) {M-' - E'J QaQi 



(34) 



For convenience, we have defined Qa — maU(^a), Qi — f^iug,)- Qmax a-nd Qmin a-re the 
maximum and minimum values of the addition of Qa and Qi. 

V. ULTRA-LIGHT QUANTUM EXTENSION 

The light model kernels have been described in the previous section. We will now present 
an ultra-light extension of the light model. After stating required assumptions, approxima- 
tions are made yielding a single kernel channel. The final form of the extended model is 
presented with a modified scaling term for reasonable numbers during calculation. 
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To extend the light model, an assumption is made that the light particle alone mediates 
the interaction between two equally massive particles; only the aa channel exists. In this 
regard it serves as the quantum of that interaction. The assumptions made of the single 
channel and relativistic energies allow strict approximations to be made of spectator energies. 



la) + ("^a^^(a)) + "^a""!) ~ "^(a) (35) 



4"' = «?W<+K)"'(.)) (36) 



4^^^ = + ^ ma (38) 

M(„) ^ m (39) 
M(s) ^ m (40) 

A separable interaction which takes the same form as that of the light model approxima- 
tion, is assumed for the ultra light extension. In addition, the F function is approximated 
in exactly the same way as was done in the light model. The inclusion of all approximations 
and assumptions for the ultra-light model yields a single two dimensional integral for the 
kernel, 

, , X _ -4a<)2vr[ei£(-)]^Mg)Mg)g (l^^) - (m. + 



P' 



(41) 



(M' - ^) + /.(^)) + 
The kernel may be simplified with the definition of a binding energy Eb and constant 
parameter H. 

z = Mbs ^ma + rria + mi- Eb (42) 

H = ^[ma (4 - l) + (^m| + m>f-) - - + ^s)) (43) 

As with the light quantum model, it is useful to define parameters Qa, and Qa for the 
limits of the integration. The final expression for the integrated kernel may then be written 
as the following: 
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}}^Kaa(u(a)\u[^y,z) 



(Wl^) - {ma + mi)) e (W^) - {ma + mi) 



P-=\Qa-Qa\ 

\ / n 1 11.1 f -H A / r7 H- I ^ H- A? I 

X log 



^/H - miP + ^/H + mi {e + mi] 



P+ = \Qa + Qa\ 



(44) 



\JH — miP — \/H + mi {e + m;) 

It is now desirable to scale the kernel so that its values are of order unity. For this reason, 
two parameters will be defined for calculational purposes. We define 



G {u', u, mi, II, ES) 



1 



The constant beta is then defined in terms of G, 



(45) 



p = G{0,0,mi,mi,0) 
We may now rescale u and H in the following way: 



(46) 



u — (5u 



(47) 
(48) 



A final spin zero kernel that we will use for bound state energy calculations may now be 
explicitly written: 



^l(«(a)|W(a) 



^(a)<^ (/5W(a), /?«(a), t^, ES) 



U 



X log 



H + ^iei + ^) + ,/H-^P 



(49) 



VI. RESULTS 



The primary goal of this work has been to attempt a calculation of bound state ener- 
gies using the LMNP formahsm, explicitly demonstrating calculabihty. The direct form of 
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TABLE I: Energy results 



Bound state Energy/(m) Uncertainty (energy/m) 

1 .000030 8 X 10-6 

2 .000020 8 X 10-6 

3 .000015 8 X 10-6 

4 .000015 6 X 10-6 

5 .000013 6 X 10-6 

6 .000012 7 X 10-6 



the ultra-light kernel mentioned above was solved for bound state energies using gaussian 
quadrature and Newton methods for eigen-integral equations. 

As listed in Table HJ six stable bound state energies were found as the ultra-light quantum 
mass mi approached zero. 

The nonzero asymptotic energy of the first bound state, ES = Eb ~ rni, is presented in 
Fig. [T] as the ultra-light quantum mass mi approaches zero. 



VII. CONCLUSION 



We have demonstrated the calculability of the LMNP formalism, by constructing both a 
simple light particle model and its ultra-light quantum extension, and by obtaining bound 
state energies for the latter. After modifications, the non-relativistic parameterizations and 
assumptions of both models may be used for other bound state calculations. In particular, 
by using alternative two body amplitudes in the kernel expressions of the light model, one 
can model a wide range of nuclear and particle interactions. In summary, the ultra-light 
quantum and light models, in addition to their associated methods, may work as effective 
templates for general bound state problems. 
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FIG. 1: Depicted is the Is bound state energy versus the quantum mass mi, both scaled by the 
massive particle mass m. 
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